We study the deformation quantization of scalar and abelian gauge classical free fields.
Introduction
Recently a great deal of works have been done in deformation quantization theory.
Deformation quantization was originally proposed by Bayen et al. [1] as an alternative to the standard procedure of quantization avoiding the more difficult problem of constructing the relevant Hilbert space of the system. In these pioneer works it was proposed a way of quantizing a classical system by deforming the corresponding algebraic structures. Different mathematical aspects of deformation quantization were also further explored. Among them, the existence proofs of a star-product for any symplectic manifold [2, 3, 4] and also for a Poisson manifold [5] . The latter result has been motivated in part by string theory.
A full treatment of the interplay between string theory and deformation quantization and, more generally, noncommutative geometry was given very recently by Seiberg and Witten [6] .
Deformation quantization was mainly applied to quantize classical mechanics. However, it seems to be very interesting to formulate quantum field theory within defomation quantization program. Recently some works on this subject have been done [7, 8, 9, 10] . Our paper is motivated by those works and we attempt to show systematically how all the deformation quantization formalism (Stratonovich-Weyl quantizer, Grossmann operator, Weyl correspondence, Moyal star-product, Wigner function, etc.) can be carry over to quantum field theory. To this end we use the well known particle interpretation of free fields. In this interpretation many formulas seem to be more natural and in a sense the deformation quantization in terms of particle interpretation justifies the respective formulas of the pevious works [7, 8, 9, 10] , given in field variable language.
The paper is organized as follows: In Section 2 we consider deformation quantization in scalar field theory. Stratonovich-Weyl quantizer, Grossmann operator, Moyal * -product and Wigner functional are defined in terms of the field variables. In Section 3, the same is given for free scalar fields with the use of normal coordinates. Wigner functional of the ground state is found and also Wigner functional for higher states is considered. Finally, the normal ordering within deformation quantization program is given. Section 4 is devoted to deformation quantization of free electromagnetic field. The constraints (Gauss's law) are analysed in some detail. Perhaps the most interesting result is that the Wigner functional can be factorized so that one part contains only the transvese components of the field and the second part contains the longitudinal variables and this part vanishes when constraints are not satisfied. This paper is the first one of a series of papers which we are going to dedicate to deformation quantization of classical fields. The next one deals with interacting and selfinteracting fields.
Deformation Quantization in Scalar Field Theory
Consider a real scalar field on Minkowski space time of signature (+, +, +, −). Canonical variables of this field will be denoted by φ(x, t) and ̟(x, t) with (x, t) ∈ R 3 × R. We deal with fields at the moment t = 0 and we put φ(x, 0) ≡ φ(x) and ̟(x, 0) ≡ ̟(x).
The Stratonovich-Weyl Quantizer
Let F [φ, ̟] be a functional on the phase space Z and let F [λ, µ] be its Fourier trans-
(2.1)
The functional measures are given by Dφ = x dφ(x), D̟ = x d̟(x). By analogy to quantum mechanics [11] we define the Weyl quantization rule as followŝ
where {Û[λ, µ] : (λ, µ) ∈ Z * } is a family of unitary operatorŝ 
Employing the relations
we easily get
(2.12) (Compare with [12, 13] ).
whereΩ is given bŷ
It is evident that the operatorΩ defined by (2.14) is the quantum field analog of the well known Stratonovich-Weyl quantizer playing an important role in deformation quantization of classical mechanics [14] [15] [16] [17] [18] [19] . Therefore we call ourΩ the Stratonovich-Weyl quantizer. One can easily check the following properties ofΩ Thus one getsΩ
Consider now the operatorÎ
Using (2.20) we can define the field analog of the Grossmann operator as follows [20, 12, 13 ]
Comparing (2.19) with (2.21) one quickly finds that 
It is interesting to note that similarly as in the quantum mechanics [20] one can find the relation between the Stratonovich-Weyl quantizer and the quantum field image of the Dirac δ. Namely we haveδ
The Star-Product
Now we are in a position to define the Moyal * -product in field theory. Let
be some functionals on Z that correspond to the field operatorsF 1 andF 2 respectively, i.e.
The question is to find the functional which corresponds to the productF 1F2 . This functional will be denoted by (F 1 * F 2 )[φ, ̟] and we call it the Moyal * -product [21, 1] .
So we have
Substituting (2.13) into (2.27) and performing simple calculations one gets
To proceed further we introduce new variables
Employing (2.29), by some laborious manipulations (in principle very similar to the ones given in [19] ) we obtain
where (Z 1 , Z 2 ) := (φ, ̟), (ω ij ) := 0 1 −1 0 and the overarrow indicates direction of action of the corresponding operator.
The Wigner Functional
Finally we are going to define the Wigner functional. Letρ be the density operator of a quantum state. The functional ρ[φ, ̟] corresponding toρ reads (see (2.18) )
Then in analogy to quantum mechanics [22, 23, 24] 
corresponding to the stateρ is defined by
according to [10] .
Free Scalar Field
In this section we deal with free scalar field of the action [25, 26, 27 ]
(we put c = 1). The conjugate field momentum is
Then the Hamiltonian reads
The field φ(x, t) satisfies the Klein-Gordon equation
For φ(x, t) and ̟(x, t) we have the usual Poisson brackets
Consider the standard expansion of φ and ̟ φ(
(3.7)
One can easily check that (3.5) and (3.7) give
Canonical Transformation
Then we introduce new canonical field variables [28, 29] 
(3.10)
From (3.8) and (3.9) one has
(3.12)
Then the inverse transformation reads
We now consider the field at the moment t = 0. From (3.11) it follows that (3.12) defines a linear canonical transformation. Consequently the measure DφD̟ = DQDP and all the formalism given before can be easily expressed in terms of new variables Q and P .
The Stratonovich-Weyl Quantizer
Eqs. (2.13) and (2.14) can be rewritten in the following form
withQ andP being the field operatorŝ Then
Now in the (Q, P ) formalism Eq. (2.17) reads
It is evident how to write the Grossmann opertor within the (Q, P ) formalism, so we do not consider this here.
Star-Product and Wigner Functional
One easily shows that the Moyal * -product can be now expressed by
Finally, the Wigner functional in the (Q, P ) formalism is given by
We are going to find the Wigner functional for the ground state |Ψ 0 . From the very definition of |Ψ 0 â(k)|Ψ 0 = 0.
(3.22)
Substituting (3.10) and using the Q representation we get the functional equation 
Employing (3.12) we obtain the Wigner functional of the ground state in terms of (φ, ̟)
Comparing the Wigner functional (3.25) with the harmonic oscillator Wigner function given in Refs. [24, 30, 31] we conclude that the former one represents the Wigner function of infinite number of harmonic oscillators. It's nothing strange as the variables Q and P are the field theoretical analogs of normal coordinates and their conjugate momenta.
Oscillator Variables and Ordering
Now one can easily find the Wigner functionals corresponding to higher states. Let
. . . |Ψ 0 be the higher quantum state of the scalar field. The density operatorρ reads An interesting question arises if we are able to define the normal ordering within deformation quantization formalism for field theory. Indeed it can be easily done by a suitable generalization of the results by Agarwal and Wolf [32] (see also [24] ). Let F [Q, P ] be a functional over Z. Define the functional F N [Q, P ] as follows
. :
It is worthwhile to note some interesting property of normal ordering 
where δ(0) means here the Dirac delta in three dimensions.
The eigenvalue Schrödinger equation reads
One immediately finds that the vacuum energy is zero i.e.,
as it should be.
Time Evolution
Finally we consider the time evolution of Wigner functional. 
Free Electromagnetic Field
In this section we consider deformation quantization for free electromagnetic field.
This case seems to be very interesting as it is the simplest example of a field theory with constraints. (For details see [25] [26] [27] [28] [29] ). We choose the temporal gauge where the fourth (temporal) component of the gauge potential A 4 = 0. Now the canonical components are the potential A = (A 1 , A 2 , A 3 ) and its conjugate momentum
with E being the electric field [25, 26, 27, 29] .
Fields A and E satisfy usual relations
The standard expansion of the field variables reads
where ω(k) = |k|, a j (k, t) = a j (k)exp − iω(k)t and of course, as before, kx = k j x j From Eq. (4.2) one gets
Then by Eqs. (4.1) and (4.2) we have
Similarly as in the previous section one can introduce the normal coordinates and their conjugate momenta [28, 29] 
and
(4.7)
In the standard way we can now split the field objects into their transverse (T ) and longitudinal (L) components. To this end we write a j in the following form a j (k, t) = h jl (k)a l (k, t) + k j k l |k| 2 a l (k, t),
where h jl (k) is the projector on the space perpendicular to k i.e., h jl = δ jl − k j k l |k| 2 . Introducing two polarization vectors e 1 (k) and e 2 (k) such that e α i (k)e α ′ i (k) = δ αα ′ , k i e α i (k) = 0, α, α ′ = 1, 2 (4.9) one can write
Defining also a L (k, t) := k j |k| a j (k, t) we have
One quickly shows that
with all the remaining Poisson brackets being zero. Substituting (4.11) and (4.12) into (4.5) we obtain the expressions for the T and L-components of Q and P . Then inserting (4.11) into (4.2) one gets
Then the Hamiltonian of the electromagnetic field reads
(4.14)
Note that in the last formula the longitudinal part depends on time and transversal part is taken for t = 0. Now the constraint (the Gauss equation)
is equivalent to the following constraints a L (k) = 0 ⇐⇒ Q L (k) = 0 and P L (k) = 0. The commutation relations forQ andP operators read
and all remaining commutators are zero.
Then by (4.5) the relation betweenQ andP operators and the annihilation and We have the usual commutation relations
with all remaining commutators being zero.
The Stratonovich-Weyl quantizer (4.18) can be rewritten as before in the form of (3.17) and it has the standard properties analogous to (2.15), (2.16) and (2.17).
The Star-Product
From (4.17) we get
The Moyal * -product in the case of electromagnetic field theory can be defined in a similar way as for the scalar field. Let F 1 [Q, P ] and F 2 [Q, P ] the functionals on Z E and letF 1 andF 2 be their corresponding operators. Then the analogous calculations as in Sec.
2 lead to the result
. 
The Wigner Functional For The Electromagnetic Field
Now we are in a position to consider the quantum version of the Gauss law (4.15). It is well known (see for example [27] ) that the operator equation ∂ jÊj (x) = 0 is inconsistent with commutation relations (4.1) or (4.20) . To avoid this inconsistency one imposes the weaker constraint on the "physical states"
Inserting into (4.25) the operator version of (4.13) one quickly finds that the constraint .
(4.39)
Ordering
Finally we can also define the normal ordering of field operators within deformation quantization formalism. It can be done, as before, with the use of the operatorN T acting in the phase space Z Ê N T := exp −h 4 dk ω(k) δ 2 δP 2 T (k)
